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Abstract 

Let M/j be a module and a an endomorphism of R. Let m € M and 
a G R, we say that Mji satishes the condition Ci (respectively, C2), if 
ma = implies ma{a) = (respectively, ma{a) = implies ma = 0). 
We show that if Mr is p.q.-Baer then so is M[x; cr]ji[x-a] whenever Mr 
satisfies the condition C2, and the converse holds when Mr satisfies the 
condition Ci. Also, if Mr satisfies C2 and cr-skew Armendariz, then 
Mr is a p.p.-module if and only if M[x; crj/jj^^^.o-] is a p.p.-module if 
and only if M[x,x~^;(j]r^^^^-i.^-^ (cr G Aut{R)) is a p.p.-module. Many 
generalizations are obtained and more results are found when Mr is a 
semicommutative module. 
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1 Introduction 

In this paper, R denotes an associative ring with unity and modules are uni- 
tary. We write Mr to mean that M is a right module. Throughout, a is an 
endomorphism of R (unless specified otherwise), that is, a: i? — )■ i? is a ring 
homomorphism with cr(l) = 1. The set of all endomorphisms (respectively, 
automorphisms) of R is denoted by End{R) (respectively, Aut(R)). In [TO] . 
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Kaplansky introduced Baer rings as rings in which the right (left) annihilator 
of every nonempty subset is generated by an idempotent. According to Clark 
[9], a ring R is said to be quasi-Baer if the right annihilator of each right 
ideal of R is generated (as a right ideal) by an idempotent. These definitions 
are left-right symmetric. Recently, Birkenmeier et al. [7] called a ring R a 
right (respectively, left) principally quasi-Baer (or simply right (respectively, 
left) p. q. -Baer) if the right (respectively, left) annihilator of a principally right 
(respectively, left) ideal of R is generated by an idempotent. R is called a p.q.- 
Baer ring if it is both right and left p.q.-Baer. A ring i? is a right (respectively, 
left) p. p. -ring if the right (respectively, left) annihilator of an element of R is 
generated by an idempotent. R is called a p. p. -ring if it is both right and left 
p.p.-ring. 

Lee-Zhou [12] introduced Baer, quasi-Baer and p. p. -modules as follows: 

(1) Mr is called Baer if, for any subset X of M, r^lX) = eR where = e G 
R. 

(2) Mr is called quasi-Baer if, for any submodule of M, r^(A^) = eR where 
e^ = eeR. 

(3) Mji is called p.p. if, for any m G M, rfi{m) = eR where = e G i?. 

In [3], a module Mr is called principally quasi Baer (p.q.-Baer for short) if, 
for any m G M, rji{mR) = eR where = e G i?. It is clear that i? is a right 
p.q.-Baer ring if and only if Rr is a p.q.-Baer module. If i? is a p.q.-Baer ring, 
then for any right ideal / of R, Ir is a p.q.-Baer module. Every submodule of 
a p.q.-Baer module is p.q.-Baer module. Moreover, every quasi-Baer module 
is p.q.-Baer, and every Baer module is quasi-Baer module. 

A ring R is called semicommutative if for every a E R, rR{a) is an ideal of R 
(equivalently, for any a,b E R, ab = implies aRb = 0). In [8J, a module Mr 
is semicommutative, if for any m E M and a E R, ma = implies mRa = 0. 
Let a an endomorphism of R, Mr is called cr-semicommutative module [13] if, 
for any m E M and a E R, ma = implies mRa{a) = 0. According to Annin 
[1], a module Mr is a- compatible, if for any m E M and a E R, ma = if and 
only if ma{a) = 0. 

In [121 , Lee-Zhou introduced the following notations. For a module Mr, 
we consider 

M[x; cr] := {^'=0 ^i^' : s >0,m, E M} , 

M[[x;a]] := iZZo^i^' ■ ^ M} , 

M[x, x-^; a] := {J2l=-s ^i^' ■ t > 0, s > 0,mi E M} , 

M[[x, x^i; a]] := {J2Z-s ^i^" : s > 0, G M} . 

Each of these is an Abelian group under an obvious addition operation. More- 
over M[x; a] becomes a module over R[x; a] under the following scalar product 
operation: 
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For m(x) = Y17=o ''^i-'^^ ^ M[x; a] and /(x) = Xljlo'^i^"' ^ -^[^' 

m{x)f{x) = J2iYl ^i^'i^j) I (*) 

k=0 \k=i+j / 

Similarly, M[[a;;cr]] is a module over i?[[x;(j]]. The modules M[x; a] and 
M[[a;; a]] are called the skew polynom^ial extension and the skew power se- 
ries extension of M, respectively. If a G Aut{R), then with a scalar product 
similar to (*) , M[x, x~^; a] (respectively, M[[x, x""*^; cr]]) becomes a module 
over R[x, x~^; a] (respectively, x^^; a]]). The modules M[x, x""*^; cr] and 
M[[x, cr]] are called the skew Laurent polynomial extension and the skew 
Laurent power series extension of M, respectively. In [13], a module Mji 
is called a-skew Armendariz, if m{x)f{x) = where m{x) = ^"=o"^*-^* ^ 
M[x; a] and f{x) = Ylf=o'^j^'^ ^ -^[^S ^] implies rriia^aj) = for all z and j. 
According to Lee-Zhou [12], Mji is called a- Armendariz, if it is a-compatible 
and (T-skew Armendariz. 

In this paper, we show that if Mr is p.q.-Baer then so is M[x; <j]R[x-a] when- 
ever Mn satisfies the condition C2, and the converse holds when Mr satisfies 
the condition Ci (Proposition 12.31) . Also, if satisfies C2 and cr-skew Armen- 
dariz, then Mn is a p. p. -module if and only if M[x; crj/jf^.g.] is a p.p.-module if 
and only if M[x,x~^;a]ji[x^x-'^-a] ^ Aut{R)) is a p.p.-module (Proposition 
13. ip . As a consequence, if Mr is semicommutative and cr-compatible then: 
Mpt is a p.p.-module -v^ Mr is a p.q.-Baer module 4^ M[x] a]ji[x-„] is a p.p.- 
module <S=^ M[x; cr]ij[^;o-] is a p.q.-Baer module (Theorem 13. 6p . Moreover, we 
obtain a generalization of some results in [31 HI El [12] • 



2 Skew polynomials over p.q.-Baer modules 

We start with the next definition. 

Definition 2.1. Let m E M and a E R. We say that Mr satisfies the 
condition Ci {respectively, C2), if rna = implies ma {a) = {respectively, 
ma{a) = implies ma = 0). 

Note that Mr is cr-compatible if and only if it satisfies Ci and €2- Let Mr 
be a module and a G End{R). 

Lemma 2.2. If Mr satisfies Ci or C2, then me = ma{e) for any m E M 
and any e^ = e E R. 

Proof. Suppose C2, from ma{e){l — a{e)) = 0, we have = mcr(e)(l — e) = 
ma{e) — ma{e)e, so ma{e)e = ma{e). From m(l — a{e))a{e) = 0, we have 
= m(l — cr(e))e = me — ma{e)e, so ma{e) = ma{e)e = me. The same for 
Ci. □ 
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Proposition 2.3. Let Mr be a module and a G End{R). 

(1) If Mn is a p.q.-Baer module then so is M[x; ajjii^.^], whenever Mr satisfies 
the condition C2. 

(2) If M[x] a]ji[x-fj] or M[[x] a]]R[[x-„]] is a p.q.-Baer module then so is Mr, 
whenever Mr satisfies the condition Ci . 

Proof. (1) Let m{x) = + ruiX + • • ■ + rUnX^ G M[x; a]. Then rR{miR) = 
CiR, for some idempotents Ci E R {0 < i < n). Let e = 6961 ■ ■ ■ e„, then 
eR = Pi^^^r RiniiR) . We show that rij[^;o-](m(x)i?[x; a]) = eR[x; a]. Let (j){x) = 
ao + ttix + a2X^ + ■ ■ ■ + OpX^ G r^[i:;o-](m(x)i?[x; a]). Since m{x)R(j){x) = 0, we 
have m{x)h(j){x) = for all b E R. Then 

m{x)b(j){x) = ^2 ^2 "^iOr*(6aj) j = 0. 
e=o \e=i+j J 

• i = implies vriobaQ = then oq G rR{moR) = CqR. 

• i = 1 implies 

mo&fli + micr(6ao) = (1) 

Let s E R and take b = scq, so moseoOi + mi(T(seoao) = 0, since 
mosco = we have mia{seoao) = micr(sao) = 0, so misao = 0, thus 
oo G ruirniR) = eiR. In equation (1), mia{bao) = mia{beiao) = 
mia{b)eia{ao) = 0, by Lemma [X2l Then equation (1) gives ruobai = 0, 
so ai G eo-R. 

• £ = 2 implies 

moba2 + miaibai) + m2cr^(6ao) = (2) 

Let s E R and take 6 = seoCi, so moseoeia2 + micr(s)eoeicr(ai) + 
m2cr^(seoeiao) = 0, but moseoeia2 = mi(T(s)eoeicr(ai) = we have 
m2cr^(seoeiao) = 0, since eoCiao = ao we have m20"^(sao) = and so 
iTi2sao = for all s E R. Hence ao ^ G2R (thus, ao G eoeie2-R). Equation 
(2), becomes moba2 + mia{bai) + m2cr^(&)eoeie2cr^(ao) = 0, which gives 

moba2 + mia{ba\) = (2') 

Take b = scq in equation (2'), we have moseoa2 + mia{seoai) = 0, but 
moseoa2 = so mia{seQai) = mia{sai) = and thus misai = 0, hence 
ai G ciR (so, ai G eoCiR). Equation (2') gives moba2 = 0, so a2 G eoR. 

At this point, we have ao G eoeie2-R, Ci G 6162/? and a2 G Cq-R. Continuing 
this procedure yields Oi E eR {0 < i < n). Hence 0(x) G e-R[x;cr]. Conse- 
quently, rij[^;o-](m(x)i?[x; cr]) C ei?[a;;cr]. Conversely, let ip{x) = bo + bix + 
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b2x'^ H h bpxP e R[x; a]. Then 

n+p / \ n+p / \ 

m{x)(p{x)e = ^ ^ mia\hj)a^{e) j = ^ ^ mia\bj)e j x^. 

£=0 \^=i+i / f=o \e=i+j J 

Since e G fliLo '^^("^«-^)' then mji?e = (0 < i < n). Thus ra{x)Lp{x)e = 0, 
hence ei?[x; cr] C rR[x;a]{'>TT-{x)R[x; a]). Thus rij[i.;o-](m(x)i?[x; a]) = eR[x;a], 
therefore M[x; a]R[x-(j] is p.q.-Baer. 

(2) Let 7^ m G M. We have rK[a;.o-](mi?[a;; a]) = ei?[a;; a] for some idempotent 
e = Yl^=o^i^^ ^ -R[x;cr]. We have r/j[j..o-](mi?[x; a]) fl i? = Cq-R. On other 
hand, we show that rRix;a]{'mR[x; (r]) H R = rR^mR). Let a G rR{mR) then 
mi?a = 0, so mRcT^{a) = for all i > 1. So mi?[a;; aja = 0. Therefore 
« £ '^ii[x;cr]('TT'-R[3^; 0"]) n -R- Conversely, let a G r^[^;o-]("^-R[2;; cr]) H i?, then 
mR[x; a]a = 0, in particular mRa = 0, so a G rji{mR). Thus a G rji{mR) = 
CqR, with Cq = Co G -R. So M/j is p.q.-Baer. The same method for M[[x;cr]]. 

□ 

Corollary 2.4 ([3l Theorem 11]). is p.q.-Baer if and only if M[x]r[x] 
is p.q.-Baer. 

Corollary 2.5 ([6, Theorem 3.1]). R is right p.q.-Baer if and only if R[x] 
is right p.q.-Baer. 

Mr is called a-reduced module by Lee- Zhou [12], if for any m E M and a E R: 

(1) ma = implies mR fl Ma = 0, 

(2) ma = if and only if ma{a) = 0. 

Corollary 2.6 ([3, Theorem 7(1)]). Let Mr a a-compatihle module. Then 
the following hold: 

(1) If M[x; (j]R[x;a] is a p.q.-Baer module then so is Mr. The converse holds if 
in addition Mr is a-reduced. 

(2) If M[[x; a]]R[[x;a]] is a p.q.-Baer module then so is Mr. 

Corollary 2.7 (|4t Corollary 2.6]). Let Mr be a a-compatible module. Then 
Mr is p.q.-Baer if and only if M[x; (j]R[x-a] is p.q.-Baer. 

3 Skew polynomials over p. p. -modules 

Let Mr be an a-Armendariz module, if me = where = e G i? and m G M, 
then mfe = for any f^ = f E R (by [121 Lemma 2.10]). This result still 
true if we replace the condition "Mr is cr-Armendariz" by ^Mr is cr-skew 
Armendariz satisfying C2" . 
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Proposition 3.1. Let Mr he a askew Armendariz module which satisfies 
the condition C2. The following statements hold: 

(1) Mr is a p. p. -module if and only if M[x] o"]i?[x';o-] a p. p. -module, 

(2) Let a e Aut{R), then Mr is a p. p. -module if and only if M[x, x~^] a]ji[x^x-'^-a-] 
is a p. p. -module. 

Proof. (1)(<^=) Is clear by [T2l Theorem 2.11]. 

(=^) Let m(x) = mo + rriix + ■ ■ ■ + m„x" G M[x; a], then ruimi) = eiR, for 
some idempotents Ci E R {0 < i < n). Let e = CqCi ■ ■ ■ e„, then mjC = for all 
< i < n ([121 Lemma 2.10]) and by Lemma [2. 2 [ we have mia^{e) = for all 
< i < n and j > 0. Therefore e G rji[x.^j{'m{x)), so ei?[a:; cr] C r R[x.a.]{'m{x)) . 
Conversely, let = ao + aiX + - ■ ■ + apX^ G r^[x;(T]("^(3;)), then m{x)(j){x) = 0. 
Since M/j is cx-skew Armendariz, we have mia^{aj) = for all i,j and with 
the condition C2 we have mjaj = for all i,j. So aj G rii{mi) = CiR for all 
2, J. Thus aj G n^^o'^i?!"^*) = ^-^ ^ach j. Then G ei?[x;cr], therefore 
'^/{[i-o-ll^^la^)) = eR[x; a]. With the same method, we can prove (2). □ 

Corollary 3.2 ([121 Theorem ll(la,2a)]). If is a-Armendariz. Then: 

(1) Mji is a p. p. -module if and only if M[x; a]ji[x-„] is a p. p. -module, 

(2) Let a G Aut{R), then Mr is a p. p. -module if and only if M[x,x~^:,o']r[x,x-'^;(t\ 
is a p. p. -module. 

If Mr is a semicommutative module such that, ma{a)a = implies ma{a) = 
for any m E M and a E R. Then Mr is cj-semicommutative and hence it 
satisfies the condition Ci. To see this, suppose that ma = then mRa = 0, in 
particular mra{a)a = for all r E R. By the above condition, mra{a) = for 
all r E R. Thus Mr is cr-semicommutative. 

Lemma 3.3. // Mr is a semicommutative module such that ma{a)a = 
implies ma{a) = for any m E M and a E R. Then Mr is a-skew Armen- 
dariz. 

Proof. Let m{x) = mo + rriiX + ■ ■ ■ + m„x" G M[x; a] and f{x) = ao + aix + 
■ ■ ■ + apX^ G R[x; a]. From m{x)f{x) = 0, we have X]j+j=A: = 0; fo'^ 

< /c < n + p. So, motto = 0. Assume that s > and niia^aj) = for all i,j 
with i + j < s. Note that for s + 1, we have 

moa^+i + mia(a^) H h m^a''(ai) + 0^+10-^+^(00) = (1) 

Multiplying (1) by cr^{ao) from the right hand, we obtain 

moas+icr*(ao)+micr(as)cr'^(ao) + - ■ ■ + msCr'*(ai)cr'^(ao) + as+io-'^+"'^(ao)cr'*(ao) = 0, 

we have motto = 0, then mocr''(ao) = because Mr is cr-semicommutative, 
and so moas+ia"^ (ao) = 0. Also, mia{ao) = then mif7'^(ao) = 0, thus 
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mia{as)(y^{ao) = 0. Continuing this process until the step s, msa^{ao) = 
then m.sa'^^ai) O"'^(ao) = 0. Therefore ms+icr'^^^ {ao)a'^ (ao) = 0. But 

m^+io-''+^(ao)cr''(ao) = ms+ia[cr''(ao)]cr''(ao) = 0. 

So ms_|_i(T'*+^(ao) = . Therefore, equation (1), becomes 

motts+i + micr(as) H h msa''(ai) = (2) 

Multiplying (2), by a'^~^{ai) from the right hand to obtain msCr*(ai) = 0. 
Continuing this procedure yields 

moas+i = mia{as) = ■■■ = m^cr^(ai) = a^+ia"^^ (ao) = 0. 

A simple induction shows that micr^{aj) = 0, for all □ 

Proposition 3.4. Let Mji be a module such that 'ma{a)a = implies 
ma{a) = for any m & M and a & R. If M/j is semicommutative then 
M[x; 0']R[x;a] o,nd M[[x; cr]]R[[x;cT]] o-i^^ semicommutative. 

Proof. Let m{x) = XliLo"^*^* ^ M[x;a], f{x) = Yl]=Q'^i^^ ^ cr] and 
^{^) = Y7k=a^kX^ ^ -R[x;cr]. Suppose that m{x)f{x) = 0. The coefficients of 
m{x)(p{x)f{x) are of the form 

u+v=w \i+j=v / u+v='W \i+j=v 

By Lemma [3T3| mua^{aj) = 0, for all u,j and by Ci, rriua^'^^aj) = 0, for all 
i,j,u. Since Mr is semicommutative then mu(T"(6j)cr"+*(aj) = 0, therefore 



So m{x)(j){x)f{x) = 0, then M[x; a]R[x-a] is semicommutative. The same for 

According to Baser and Harmanci [3], a module Mr is reduced if for any 
m & M and a & R, ma^ = implies mi? fl Ma = 0. By [JJ Lemma 2.11], if 
is semicommutative p.p. or semicommutative p.q.-Baer then it's reduced. 

Corollary 3.5. Let Mr be a semicommutative module satisfying the con- 
dition Ci, if Mr is p.q.-Baer or p.p. then M[x; a]R[x;a] o,nd M[[x; a]]R[[x-^]] are 
semicommutative. 
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Proof. Let a & R and m E M such that ma{a)a = 0, then m{a{a))'^ = (by 
Ci), since Mr is reduced we have ma{a) = 0. By Proposition 13.41 M[x] cr]_R[x;(T] 
and M[[a:; cr]]ij[[j,.;o-]] are semicommutative. □ 

Theorem 3.6. If Mr is semicommutative and a -compatible. Then the fol- 
lowing are equivalent: 

(1) Mr is p.p. 

(2) Mr is p.q.-Baer, 

(3) M[x;(t]r[^.„] is p.p., 

(4) M[x;(j]H[x;a] IS p.q.-Baer, 

Proof. (1) ^ (2) By [2, Proposition 2.7]. (2) ^ (4) By Proposition O 
(3) ^ (4) Since Mr is a p.p.-module, then Corollary 13 . 51 imphes that M[x; o-]r[x-„t^ 
is semicommutative. Therefore M[x; o']r]^x;u] is p.q.-Baer by [2, Proposition 
2.7]. (4) ^ (3) By Proposition 12. 3[ Mr is p.q.-Baer, since M^? is semicom- 
mutative then M[x] a]R[x-a] is semicommutative, and so M[x; cr\R[x-a] is a p.p.- 
module. □ 

Corollary 3.7. Let Mr he a semicommutative module. Then the following 
are equivalent: 

(1) Mr is p.p. 

(2) Mr is p.q.-Baer, 

(3) M[x\r^x] is p.p., 

(4) M[x]rix] is p.q.-Baer, 

Corollary 3.8 ([SI Theorem 2.8]). If Mr is a reduced module. Then the 
following are equivalent: 

(1) Mr is p.p. 

(2) Mr is p.q.-Baer, 

(3) M[x]rix] is p.p., 

(4) M[x]rix] is p.q.-Baer, 

Proof. Every reduced module is semicommutative by [L^ Lemma 1.2]. □ 
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